We explain how the "maximally broken" family gauge theory may work; that is, the family gauge symmetry is respected at the Lagrangian level but broken spontaneously -also as a way to understand the mass-generation mechanism. We use the language of Hwang and Yan to write down an extended Standard Model -using renormalizable quantum field theory as the language; to start with certain basic units together with a certain gauge group. Specifically we use the left-handed and right-handed spinors to form the basic units together with SU c (3)×SU L (2)×U (1)×SU f (3) as the gauge group. As shown in this paper, the scalar fields Φ(1, 2) (the standard Higgs), Φ(3, 1) (the family Higgs), and Φ(3, 2) (the mixed Higgs; mainly the "project-out" neutral sector, as seen in the U-gauge), with the first family index and the second SU L (2) index, would do the job -that is, to make certain that all family particles are (very) massive and the phenomena of three generations, including neutrino oscillations, are there, and nothing more, until we reach at the threshold of producing the family particles (in the form of scalar particles).
To propose [1] ((ν τ , τ ) L , (ν µ , µ) L , (ν e , e) L ) (columns) (≡ Ψ(3, 2)) as the SU f (3) triplet and SU L (2) doublet, we immediately face three basic objections. Namely, the mass of the tau lepton is 1, 778 M eV , that of the muon 105.66 M eV , and of the electron 0.511 M eV , so far apart in scale. On other hand, the charge part of the corresponding scalar fields Φ (3, 2) , which cannot experience the spontaneous symmetry breaking (SSB) to avoid the Goldstone boson(s), does not seem to belong at all. Thirdly, we try to propose the SU f (3) family gauge theory to understand why there are three generations -it requires all additional particles, i.e., gauge bosons and residual family Higgs, very massive. The proposal of Hwang and Yan [1] seems to be just doing the opposite.
This short note is to try to explain why -maybe our explanations would shed light on the mass generation mechanism. It may be extremely difficult to understand the origin of the masses. On the other hand, if we have a reasonable mathematical framework, we may use it to describe the relations among the masses -that is our humble way to proceed. The framework which we use is the renormalizable quantum field theory (r-QFT).
Let us recite briefly the "language" to make our presentations to be clear regarding what we would like to say.
Usually in a textbook [2] , the QCD chapter precedes the one on Glashow-WeinbergSalam (GWS) electroweak theory. Nothing is wrong with it but the basic units (or the building blocks) are further divided into the left-handed and right-handed components. It would be nice (in helping us in thinking) if the framework is formulated all at once [1] -in an extended Standard Model we could see everything consistent with one another. Then, the questions which we pose could have broader meanings and implications.
We shall work with the Lie group SU c (3) × SU L (2) × U (1) × SU f (3) as the gauge group. Thus, the basic units are made up from quarks (of six flavors, of three colors, and of the two helicities) and leptons (of three generations and of the two helicities), together with all originally massless gauge bosons and the somewhat hidden induced Higgs fields. In view of the search over the last forty years, we could assume "minimum Higgs hypothesis" as the working rule.
If we look at the basic units as compared to the original particle, i.e. the electron, the starting basic units are all "point-like" Dirac particles. Dirac invented Dirac electrons eighty years ago and surprisingly enough these "point-like" Dirac particles are the basic units of the Standard Model. Thus, we call it "Dirac Similarity Principle" -a salute to Dirac; a triumph to mathematics. Our world could indeed be described by the proper mathematics. The proper mathematics may be the renormalizable quantum field theory, although our confidence in it sort of fluctuates in time.
There is no way to "prove" the above two working rules -"Dirac Similarity Principle" and "minimum Higgs hypothesis". It might be associated with the peculiar property of our Lorentz-invariant space-time. To use these two working rules, we could simplify tremendously the searches for the new extended Standard Models.
So far, we have decided on the basic units -those left-handed and right-handed quarks and leptons; the gauge group is chosen to be
In the gauge sector, the lagrangian is fixed if the gauge group is given; only for a massive gauge theory, Higgs fields are called for and we postpone its discussions until we have spelled out the fermion sector.
For the fermion sector, the story is again fixed if the so-called "gauge-invariant derivative", i.e. D µ in the kinetic-energy term −Ψγ µ D µ Ψ, is given for a given basic unit [2] .
Thus, we have, for the up-type right-handed quarks u R , c R , and t R ,
and, for the rotated down-type right-handed quarks
On the other hand, we have, for the SU L (2) quark doublets,
For the lepton side, we introduce the family triplet, (ν R τ , ν R µ , , ν R e ) (column), under SU f (3). Since the minimal Standard Model does not see the right-handed neutrinos, it would be a natural way to make an extension of the minimal Standard Model. Or, we have,
and, for the left-handed
The right-handed charged leptons form the triplet Ψ C R (3, 1) under SU f (3), since it were singlets their common factorΨ L (3, 2)Φ(3, 2) for the mass terms would involve the cross terms such as µ → e.
The Higgs mechanism in the minimal Standard Model remains the same. For the family gauge theory, we still hope to maintain [3] that all gauge bosons be massive, i.e. ≥ a few TeV.
As slightly differing from the previous effort [3] , we would like to write down the
Standard Model all at once, the neutrino mass term assumes a new form:
where Ψ(3, i) are the neutrino triplet just mentioned above (with the first number for SU f (3) and the second for SU L (2)). The cross (curl) product is somewhat new [3] , referring to the singlet combination of three triplets in SU (3). The Higgs field Φ(3, 2) is new in this effort, because it carries some nontrivial SU L (2) charge. Note that, for charged leptons, the only choice is Ψ † (3, 2)Ψ C R (3, 1)Φ(1, 2) + c.c., which gives three leptons an equal mass.
Note that the neutrino mass term involves the singlet combination of three triplets (uniquely) -suitable for SU (3); not an ordinary matrix operation. We also note that we are careful to distinguish the anti-triplet from the triplet and to realize that there are a lot of "conjugates", such as "complex conjugate", "Dirac adjoint", and "anti-triplet" (even though some time the same meaning).
Note that there are different sources for the mass generations. For quarks, they use the "old-fashion" way as in the minimal Standard Model. For charged leptons, the oldfashion way gets modified cooperatively since the coupling with the family group gets in. For neutrinos, the family group takes over the role of generating the masses.
The Possible Solution(s):
We return to solve the question related to the three objections raised at the beginning of this note. We do see the manifestations of the family symmetry, as in terms of three generations, even though the masses of charged leptons are widely apart. In what follows, we address the possibility that the three neutral Higgs sectors would play the (standard and family) Higgs-mechanism roles as expected to do.
Since we are dealing with a "badly broken" family gauge theory, henceforth referred to as the "maximally broken" family gauge theory, we may imagine that, in the U-gauge, the standard-model Higgs Φ(1, 2) looks like (0, (v + η(x))/ √ 2) (column) and Φ(3, 2)Φ(1, 2) would pick out the neutral sector naturally. In fact, the term (Φ † (3, 2)Φ(1, 2))(Φ † (1, 2)Φ(3, 2)) with a suitable sign, would modify a massive Φ(3, 2) field such that the neutral sector has SSB while the charged sector remains massive. This "project-out-Higgs" mechanism is what we are looking for. Thus, the complex triplet Φ(3, 1) and the "project-out" complex neutral part from Φ(3, 2) now perform the desired Higgs mechanism -six complex fields becoming four real fields plus eight family gauge bosons [3] .
Let us write down the terms for potentials among the three Higgs fields, subject to (1) that they are renormalizable, and (2) that symmetries are only broken spontaneously (the Higgs or induced Higgs mechanism).
Apart from the Higgs mechanism in the minimal Standard Model, we write
In the simplest case, we could choose M 2 > 0, λ 1 > 0, and µ 2 2 < 0, λ 2 > 0 (SSB for Φ(3, 1)), and then proceed to choose η 1 such that M 2 + η 1 v 2 /2 < 0 (to ensure that there is SSB for the neutral components of Φ (3, 2) ). In our earlier work [4] , we also choose to keep the η 2 cross term to make sure that all family particles are massive after spontaneous symmetry breaking. In this simplest case, we set all the other couplings to zero.
We note that the expressions above may not exhaust all the terms possible. The four terms in δ i i involve the SU (3) operations, introduced above.
So, we see that, at the Lagrangian level, the SU c (3) × SU L (2) × U (1) × SU f (3) gauge symmetry is protected but the symmetry is violated via spontaneous symmetry breaking (via the Higgs mechanisms).
The scenario for the masses of the family particles might be as follows: For those eight familons (or family gauge bosons), we could assume a few T eV or slightly more. For those four family Higgs (those participating Higgs mechanisms), maybe even slightly more heavier. We don't have definitive expectations for the charged scalar particles, except that they could be much heavier. These are the so-called "dark-matter particles", and the experimental detection of the mass of an individual "dark-matter" particle is next to impossible.
As shown earlier [3, 4] , two triplets of complex scalar fields would make the eight family gauge bosons and four residual family Higgs particles all massive, presumably heavier that a few T eV . In the SU f (3) theory alone, there are many ways of accomplishing it. In the present case, the equivalence between two triplets is lost, but in a minor way. There are so many terms in the Higgs potentials, Eqs. (7)- (10), such that the search of the detailed solution(s) should not be much affected.
End of the Proof.
In fact, the mathematics of the three neutral Higgs, Φ(1, 2) (standard Higgs), Φ(3, 1) (purely family Higgs), and Φ 0 (3, 2), subject to the renormalizabilty (up to the fourth power), turns to be very rich. In our earlier work regarding the "colored Higgs mechanism" [4] , we show how the eight gauge bosons in the SU (3) gauge theory become massive using two complex scalar triplet fields (with the resultant four real Higgs fields), with a lot of choices. It is very interesting that the choices are still there (for this paper), even though the equivalence between two complex triplets is lost. Clearly, this opens up a new broad branch of Higgs physics. Hopefully, it will bring us to a deeper understanding of the mass generation mechanism.
Amazingly, the complicated puzzle are now solved: P hi(1, 2) (the Standard-Model Higgs), Φ(3, 1) (the purely family Higgs), Φ 0 (3, 2) (the neutral part of the mixed family Higgs), upon spontaneous symmetry breaking, make weak bosons, W ± and Z 0 , and eight family gauge bosons all massive. Four neutral family particles left, and nothing left. This theory deserves much further studies, as we move ahead to beyond the minimal Standard Model.
Neutrinos have tiny masses far smaller than the masses of the quarks or of charged leptons. Neutrinos oscillate among themselves, giving rise to a lepton-flavor-violating interaction (LFV). There are other oscillation stories, such as the oscillation in the K 0 −K 0 system, but there is a fundamental "intrinsic" difference here -the K 0 −K 0 system is composite while neutrinos are "point-like" Dirac particles. We have standard Feymann diagrams for the kaon oscillations but similar diagrams do not exist for neutrino oscillations -it remains to be proposed as point-like Dirac particles.
Thus, it is true that neutrino masses and neutrino oscillations may be regarded as one of the most important experimental facts over the last thirty years [5] .
In fact, certain LFV processes such as µ → e+γ [5] and µ+A → A * +e are closely related to the most cited picture of neutrino oscillations so far [5] . In recent publications [6] , it was pointed out that the cross-generation or off-diagonal neutrino-Higgs interaction may serve as the detailed mechanism of neutrino oscillations, with some vacuum expectation value of the new Higgs fields, Φ(3, 1) and Φ 0 (3, 2). So, even though we haven't seen, directly, the family gauge bosons and family Higgs particles, we already see the manifestations of their vacuum expectation values.
In the other words, the interaction given by the last equation [Eq. (6)] should be used as the basis to analyze the various lepton-flavor-violating decays and reactions. Presumably, these are "point-like" Dirac particles.
To close this note, We would like to comment on the "minimum Higgs hypothesis". In a slightly different context [7] , it was proposed that we could work with two working rules: "Dirac similarity principle", based on eighty years of experience, and "minimum Higgs hypothesis", from the last forty years of experience. Using these two working rules, the extended model mentioned above becomes rather unique -so, it is so much easier to check it against the experiments. To move forward in building up our knowledge, there are moments that we have to play conservatively.
We have to say that the phenomenon of three generations is one leading puzzle in particle physics; nowadays, it is safe to add that neutrino oscillations is another puzzle. To understand these puzzles, it may be true that the SU f (3) family gauge theory may be a good way out -the "project-out" Higgs mechanism is what we need; it is in accord with the "minimum Higgs hypothesis".
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